Abstract. We characterize a special class of unitary operators that preserve orthonormal wavelets. In the process we also prove that symmetric wavelet sets cover the real line.
Introduction
Following Larson and Weiss we are interested in general properties of the set W, that is, the set of Fourier transforms of wavelets. W is a subset of the sphere with radius √ 2π in L 2 (R, dξ) and the sphere with radius √ 2 log 2 in L 2 (R, dξ |ξ| ). The set W is characterized by two equations on one sphere (see [HKLS] , [HW] ) and by an equivalent couple of equations on the other sphere (see [B] , [R] ). The set of all linear combinations of functions from W is dense in L 2 (R, dξ) and L 2 (R, dξ |ξ| ), and W itself is closed under the norm · L 2 (R,dξ) + · L 2 (R, dξ |ξ| ) (see [GS] ). Whether W is a connected set is still an open question.
In this paper, we investigate operators T that are unitary in both norms · L 2 (R,dξ) , · L 2 (R, dξ |ξ| ) and preserve the set W by satisfying the inclusion relation T ( W) ⊂ W. This is related to [WUTAM] where operators preserving W given by T f = νf , ν complex-valued, were characterized. In this characterization ν is a unimodular function such that ν(2ξ)ν(ξ) is 2π-periodic and is called a wavelet multiplier. The only other known continuous linear transformation that preserves W is the reflection f (ξ) → f (−ξ). As pointed out by Larson there are probably no other operators that are unitary in L 2 (R, dξ) and preserve W (see [L] ). The question concerning whether these are the only continuous linear transformations preserving W was later brought up by Weiss [W] .
The additional condition we have on the continuous linear operator T in this paper, i.e., T is unitary in the · L 2 (R, dξ |ξ| ) norm as well, implies that such an operator T must be of an explicit form that we can work with. Using symmetric wavelet sets we prove that T is given as a multiplication by ν and a reflection restricted to a subset A of R. Then an additional use of asymmetric wavelet sets allows us to conclude that A must be either ∅ or R. That ν has to be a wavelet multiplier follows from [WUTAM] .
In the final part of our paper we discuss possibilities of avoiding both of these unitarity restrictions imposed on T .
Preliminaries
forms an orthonormal basis of L 2 (R, dξ) . A wavelet set is a subset W of R, such that its characteristic function χ W is a Fourier transform of a wavelet (we define the Fourier transform byf (ξ) = e ixξ f (x) dx). Wavelet sets are characterized by two simple equations:
Moreover, if ψ satisfies |ψ| = χ W , where W is a wavelet set, then ψ is a wavelet.
The following two lemmas are needed for us to construct wavelet sets later. See [S] for the proof of the first one and [Z] for the proof of the second one. 
To apply the above lemma we shall assume that A is bounded and B is contained in [θ, 2θ) for some positive θ. Observe that if A + 2n 1 π contains (0, ) for some > 0, then the first containment relation can be achieved by taking k 1 such that 2 k1 B ⊂ ( 4 , ). Moreover, if B has nonempty interior, then the second containment relation can be achieved by taking an appropriately large k 2 and n 2 such that A + 2n 2 π ⊂ [ , ∞), which also assures condition (iii).
We use Lemma 2.2 to obtain our first result.
Proposition 2.3. Symmetric wavelet sets cover R \ {0}. [0, 2π) . Therefore, if a measurable set G ⊂ R + is both 2π-translation congruent to E and 2-dilation congruent to a 2-dilation generator of a measurable partition of R + , then −G ⊂ R − is both 2π-translation congruent to −E and 2-dilation congruent to a 2-dilation generator of a measurable partition of R − . Thus, −G ∪ G would be a symmetric wavelet set, and we can concentrate on constructing such sets G that will cover R + .
We consider three cases. 2.
The existence of F k,2 and F k,3 is due to Lemma 2.2. Since each of the sets G k,2 and G k,3 is 2π-translation congruent to [0, π) and 2-dilation congruent to [ π 2 , π), they give rise to symmetric wavelet sets.
If k = 1, the positive part of the Shannon wavelet set will cover [π, 2π). Fix an integer k > 1. There exists an integer m k , such that 2 Let
and 2-dilation congruent to [ π 2 , π); so they give us symmetric wavelet sets.
That wavelet sets (not necessarily symmetric) cover the real line was first proven by Speegle (see Lemma 2.1). This result (or equivalently Proposition 2.3) implies that the set of all linear combinations of functions in W is dense in
Since every e n is a Fourier transform of a wavelet and wavelet sets cover the real line, our claim follows.
The last fact we need for proving our main result is a characterization of oper-
, then T is a unimodular multiplier, that is, T f = uf , where |u| = 1 a.e. The matter is slightly more complicated in the case of R because of the symmetry of the real line. In order to deal with this case we introduce the notation f
, where f is a complex-valued function defined on R.
where u, w are complex-valued functions defined on R such that the matrix
Proof. We will denote the inner products in
Unitarity of T assures that T g is an arbitrary function from
Hence for every polynomial p,
where p (ξ) = p(|ξ|). This implies that for every even function f ∈ L 2 (R, dξ),
, n], for n ∈ N and fix an n such that E ⊂ E n . Then, by (2.3) we have
We know that such a function can be approximated by functions of the form p χ En . Therefore, for every such function f we obtain
for any even function f with supp f ⊂ E m . The fact that m is arbitrary implies that the above equation holds for all even f ∈ L 2 (R, dξ). We will now try to determine T f for an arbitrary f ∈ L 2 (R, dξ).
We claim that T (χ En + ) = uχ En , for some complex-valued function u defined on R that does not depend on n ∈ N. To prove the claim let us define the function u as follows:
To see that the definition is correct it is enough to check that for n ≤ m,
which holds since by (2.4) we have
Moreover, by (2.4), u satisfies
A similar argument leads to
for another complex-valued function w defined on R. Therefore, formula (2.5)
Since the left-hand side of the above equality converges to T f in L 2 (R, dξ) and the right-hand side converges pointwise to (
The last step of our proof is to show that the matrix
is unitary almost everywhere on R + . To do so let us notice that for every function f ∈ L 2 (R, dξ) such that f − = 0 we have
Thus, using the unitarity of T on L 2 (R, dξ) we obtain
which implies that on R + ,
Similarly, by assuming f + = 0, we obtain
almost everywhere on R + . To prove the third relationship that we need, let us note that again by the unitarity of T ,
Now by considering two special cases f − = f + and f − = if + we obtain
Therefore, u + w + + u − w − = 0 almost everywhere on R + .
Main result
The only known continuous linear operators that preserve wavelets are given by multiplication by wavelet multipliers and the reflection in the argument. These transformations are unitary in
Our main result is the following characterization.
Theorem 3.1. Every operator T that satisfies T ( W) ⊂ W and is unitary in
where v is a wavelet multiplier and I = ±id.
Proof. By Proposition 2.4 the operator T is given by
where the matrix
is unitary almost everywhere on R + . Using symmetric wavelet sets we will show that the functions u, w are characteristic functions of some sets, which will imply that
where v is a unimodular function, A is a symmetric subset of R and
After that, using non-symmetric wavelet sets we will show that I A can preserve wavelet sets if and only if it is invariant under translations and dilations, that is, A + 2π = A, and 2A = A, which implies that A is either R or ∅.
Let us fix a symmetric wavelet set W . If f is a function such that |f | = χ W , then T f is a Fourier transform of some wavelet η (see the comment after (2.2)). Note that the special form of T implies that supp T f ⊂ W , which forces |η|
Since |u 
To finish the proof of the first step, let us define a function v as follows:
It is easy to check that with this definition the operator T can be described as
where
From (3.1) it follows that if W is a wavelet set, then |T (χ W )| = χ W , where W is also a wavelet set. We are going to prove that in order to preserve equation (2.1), A has to satisfy A + 2π = A and, similarly, to preserve equation (2.2), we must have 2A = A.
To show that A + 2π ⊂ A a.e., it suffices to show that almost every point ξ 0 ∈ A has an open neighborhood U such that ξ + 2π ∈ A for almost all ξ ∈ U ∩ A. In fact, let ξ 0 ∈ A be a point such that ξ 0 = kπ for any integer k. Then by Lemma 2.1 there is a wavelet set W and an ε > 0 such that the sets U = [ξ 0 − ε, ξ 0 + ε] and U = −U − 2π are contained in W . By (2.1) we obtain that for almost all ξ ∈ U ,
Let us fix a ξ ∈ U ∩ A for which the above equations are true. By (3.4) there is a unique k 0 such that |T (χ W )(ξ + 2k 0 π)| = 1.
We claim that ξ + 2k 0 π ∈ A. Indeed, if not, then by (3.1),
So by (3.2) we obtain k 0 = 0 (since ξ ∈ W ), but because we assumed ξ + 2k 0 π / ∈ A, this is a contradiction with ξ ∈ A. Hence ξ + 2k 0 π ∈ A, and it remains to prove that k 0 = 1. By (3.1) again, which together with (3.3) implies that k 0 = 1 (since −ξ − 2π ∈ U ⊂ W ); thus ξ + 2π ∈ A.
To prove the other inclusion, A + 2π ⊃ A, we apply Lemma 2.1 to find a wavelet set that contains ξ 0 and −ξ 0 + 2π (instead of ξ 0 and −ξ 0 − 2π) and proceed as in the previous case.
Similarly, using (2.2) we prove that 2A ⊂ A. By Lemma 2.1 for each ξ 0 = qπ, q ∈ Q we can find a wavelet set W containing ξ 0 and −2ξ 0 . After fixing a ξ ∈ U ∩A, where ξ 0 ∈ U ⊂ W and U open, we get again that for some j 0 ,
For the same reasons as in the previous case we must have 2 j0 ξ ∈ A and j 0 = 1. Considering a wavelet set containing ξ 0 and − 1 2 ξ 0 , we obtain the other inclusion, To end our proof we observe that χ A is 2 −n π-periodic for every n ∈ N. Thus, using the Haar orthonormal basis of L 2 ([0, 2π]), we establish that χ A is constant on [0, 2π] , hence also on R. Therefore, either A = ∅ or A = R.
Remarks
As we mentioned before it is natural to ask whether all continuous linear transformations T of L 2 (R, dξ) preserving W must be unitary. The main reason for this is that such operators preserve the norm of elements of W. The same question can be stated for the L 2 (R, dξ |ξ| )-norm as well. It is not hard to see that if E and F are disjoint subsets of a wavelet set W , then T preserves the orthogonality (in both norms) of the characteristic functions of E and F , provided that T preserves W (it is enough to consider T (a 1 χ E + a 2 χ F + a 3 χ W \(E∪F ) ) with appropriate choices of a 1 , a 2 , a 3 ∈ {1, −1, i, −i}). Therefore we can define a measure dµ on subsets of wavelet sets by setting R χ E dµ = T χ E 2 . Since for every point on R (except the origin) there is a neighborhood of it that is contained in a wavelet set, the measure can be extended to R. Proving that this measure is equal to dξ in the L 2 (R, dξ) case would show that T is an isometry of L 2 (R, dξ) . Similarly, the equality dµ = 
